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Kidney Tumor Growth Prediction by Coupling
Reaction–Diffusion and Biomechanical Model

Xinjian Chen∗, Ronald M. Summers, and Jianhua Yao

Abstract—It is desirable to predict the tumor growth rate so
that appropriate treatment can be planned in the early stage. Pre-
viously, we proposed a finite-element-method (FEM)-based 3-D
kidney tumor growth prediction system using longitudinal images.
A reaction–diffusion model was applied as the tumor growth model.
In this paper, we not only improve the tumor growth model by cou-
pling the reaction–diffusion model with a biomechanical model,
but also take the surrounding tissues into account. Different dif-
fusion and biomechanical properties are applied for different tis-
sue types. An FEM is employed to simulate the coupled tumor
growth model. Model parameters are estimated by optimizing an
objective function of overlap accuracy using a hybrid optimization
parallel search package. The proposed method was tested with kid-
ney CT images of eight tumors from five patients with seven time
points. The experimental results showed that the performance of
the proposed method improved greatly compared to our previous
work.

Index Terms—Biomechanical model, finite-element method
(FEM), kidney tumor, reaction–diffusion model, tumor growth
prediction.

I. INTRODUCTION

K IDNEY cancer is among the ten most common cancers
in both men and women. The lifetime risk for develop-

ing kidney cancer is about 1 in 75 (1.34%) [1]. It is desirable
to predict the kidney tumor growth rate in clinical research so
that appropriate treatment can be planned. The accurate tumor
growth prediction will provide a significant aid in the deter-
mination of the appropriate treatment modality, and also help
for deciding the level of aggressiveness to undertake for each
patient.

During the past three decades, the methods for simulating
tumor growth have been extensively studied. The representative
methods include mathematical models [2], [3], [14], cellular
automata [4], finite-element [3], [5], and angiogenesis-based
methods [6]. However, most of these methods were focused
on brain tumor. Only a few worked on organ tumors in the
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Fig. 1. Flowchart of the proposed tumor growth prediction system.

body region. Pathmanathan et al. [7] proposed to use the finite-
element method (FEM) to build a 3-D patient-specific breast
model and used it to predict the tumor location. However, their
method was not intended for tumor growth prediction.

Previously, we proposed a tumor growth prediction system for
kidney tumor based on an FEM [16]. The kidney tissues were
classified into three main types: renal cortex, renal medulla,
and renal pelvis. However, surrounding tissues were not taken
into consideration. Different diffusion properties are considered
for the kidney: the renal cortex and renal pelvis were isotropic
while renal medulla was anisotropic. The reaction–diffusion
model was applied to model the tumor growth and the FEM was
applied to simulate this diffusion process.

In this paper, we improve our previous work by 1) coupling
the reaction–diffusion model and biomechanical model and
2) taking the surrounding tissues into account. We examined the
kidney tumor data and found that nonkidney tissues surrounding
tumors at the kidney surface are mostly visceral fat. Therefore,
we add fat tissues in our new model. We assign different diffu-
sion and biomechanical properties for different tissue types, and
employ the FEM method to simulate the coupled tumor growth
model. We tested the proposed method on a larger dataset of
kidney CT images, with eight tumors from five patients with
seven time points (previously five tumors from two patients).

II. COUPLING MODEL-BASED TUMOR GROWTH PREDICTION

A. Overview of the Proposed Approach

The flowchart of our tumor growth prediction system is shown
in Fig. 1. The system consists of three main phases: training,
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Fig. 2. Kidney tumor growth process for one patient with seven time points from 2004 to 2007; manually segmented boundaries are represented by red color
contour.

prediction, and validation. Suppose the longitudinal study has
n + 1 time points. We use the first n time point images for train-
ing. Fig. 2 shows the kidney tumor growth process on one patient
with seven time points. The training phase is composed of five
steps. First, image registration and segmentation are conducted
on the kidney images. Second, tetrahedral meshes are con-
structed for both the segmented kidney and tumors. Third, the
coupling of reaction–diffusion with the biomechanical model is
applied as the tumor growth model, and an FEM is used to solve
this coupled model. Fourth, the parameters of the tumor growth
model are optimized by the hybrid optimization parallel search
package (HOPSPACK). Fifth, after computing the parameters
based on the first n images, the model parameters for prediction
at the (n + 1)th time point are estimated by exponential curve
fitting using the nonlinear least-squares method. In the predic-
tion phase, the estimated growth parameters are applied to the
tumor growth model to compute the prediction result for time
point n + 1 using the image at time point n as reference. In the
validation phase, the prediction result is validated by comparing
it with image n + 1.

B. Registration, Image Segmentation, and Meshing

The baseline study is used as the reference study and all other
studies are registered to it via a rigid transformation. Then, the
kidney is segmented using a combination of graph-cut and active
appearance model [16]. This method segments the kidney into
three types of tissues: renal cortex, medulla, and pelvis. After the
kidney is segmented, tumors and visceral fat tissues surrounding
the tumors are manually segmented. Tetrahedral meshes are built
for the segmented tissues using the ISO2Mesh method [9].

C. Coupling of Reaction–Diffusion and Biomechanical
Models

During the tumor growth process, tumor cells can invade
and infiltrate the surrounding healthy tissues. As the number
of tumor cells increases, pressure internal to the tumor will
increase unless the tumor pushes away the surrounding tissues
(mass-effect). Based on this hypothesis, we propose to couple
the reaction–diffusion model with the biomechanical model to
simulate the tumor growing process.

The reaction–diffusion model [3] is adopted to model the
proliferation and infiltration of tumor cells in the kidney. It
was first proposed in chemistry, and widely applied in biology,

TABLE I
DIFFUSION PROPERTIES (D), YOUNG MODULES E , AND POISSON

COEFFICIENTS OF DIFFERENT TISSUES

geology, physics, and ecology. The model is defined as follows:

∂c

∂t
= −div(−D∇c) + S(c, t) − T (c, t) (1)

where c represents the tumor cell density, D is the diffusion
coefficient of tumor cells, S(c, t) represents the source fac-
tor function that describes the proliferation of tumor cells, and
T (c, t) is used to model the efficacy of the tumor treatment.

Since our purpose is to predict the tumor growth before treat-
ment, the treatment term T (c, t) is omitted. The source factor
S(c, t) can be modeled using Gompertz’s law [3], which is de-
fined as follows:

S(c, t) = ρc ln
(

Cmax

c

)
(2)

where ρ is the proliferation rate of tumor cells and Cmax is the
maximum tumor cell carrying capacity of the kidney. According
to [3], Cmax is set to 3.5 × 104 cells mm−3 .

Combining (1) and (2) and omitting T (c,t), we can get

∂c

∂t
= −div(−D∇c) + ρc ln

(
Cmax

c

)
. (3)

Based on [8], the diffusion in the renal cortex, pelvis, and fat
is considered to be isotropic, while that in renal medulla is
anisotropic and the diffusion in the radial direction is faster than
other directions. The diffusion properties are listed in Table I. It
is important to note that in the diffusivity matrix Dm of medulla,
the diffusivity in the radial direction is set as λ(λ > 1) times of
those in other directions.

We use the classical continuum mechanics formalism to de-
scribe the mechanical behavior of the kidney tumor. Since the
deformation process is very slow, the static equilibrium equation
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is used:

fexternal + div(σ) = 0 (4)

where fexternal is the external force applied on the tissue (body
force) and σ is the internal stress tensor. Here, fexternal is
proportional to the tumor cell density

fexternal = −f(c)∇c. (5)

The proliferation is assumed to slow down in regions where
c approaches Cmax . Thus, f(c) is defined as

f(c) = α · exp
(
−β · Cmax

c

)
(6)

where α and β are positive constants. This function has a max-
imum at c = Cmax .

Based on the constitutive equation, we have

σ = K · ε (7)

ε =
1
2
(∇u + ∇uT ) (8)

where K is the elasticity tensor (Pa, related to Young’s modulus
and Poisson coefficient) and ε is the linearized Lagrange strain
tensor expressed as a function of the displacement u.

Based on [13], in this paper, different Young modulus and
Poisson coefficients are assigned to renal cortex, medulla, pelvis,
and visceral fat, as listed in Table I.

The coupling model for simulating tumor growth is summa-
rized as follows:

∂c

∂t
− div(D · ∇c) − ρc ln

(
Cmax

c

)
= 0 (9)

div(σ) + α · exp
(
−β · Cmax

c

)
∇c = 0 (10)

σ = K · 1
2
(∇u + ∇uT ). (11)

The FEM is used to solve the aforementioned coupled PDE
equations. Based on the Galerkin method [11], the continuous
problem can be converted to a discrete problem in a subvecto-
rial space of finite dimension. In principle, it is the equivalent
of applying the method of variation to a function space, by
converting the equation to a weak formulation. The details of
implementation of a reaction–diffusion model by FEM can be
found in [11].

D. Tumor Growth Model Parameters Training

In our tumor growth model, α, β,Dc,Dm ,Dp,Df , ρ, Ec ,
Em ,Ep , and Ef are the parameters to be estimated. It is im-
portant to notice that we assumed α and β are the same for all
patients. As for Poisson coefficients, we assume that they do
not change, so the values in Table I are used. The optimal set
of tumor growth parameters for a particular patient is estimated
using the patient’s image (image driven). The optimization of
the tumor model parameters is based on the hypothesis that the
optimal tumor parameters minimize the discrepancies between
the simulated tumor image and the patient tumor image. It is

achieved by solving the following optimization problem:

θ∗ = arg min
θ

F (θ) (12)

where θ = {α, β, Dc, Dm , Dp, Df , ρ, Ec , Em , Ep, and Ef }
and F is the objective function. Many criteria can be used to
construct function F , such as the overlap accuracy, feature-based
similarity, and smoothness of the registration [14]. Here, we use
only the overlap accuracy. In this paper, we assumed that the
tissue diffusion properties do not change over the tumor growing
process, while the proliferation rate ρ could change. Suppose
that ρ1 , ρ2 , . . . , ρn−1 are the proliferation rates corresponding
to time points t1 , t2 , . . . , tn−1 , respectively; then the parameters
that need to be estimated become

θ = {α, β,Dc,Dm ,Dp,Df , ρ1 , ρ2 , . . . , ρn−1 , Ec , Em , Ep,
and Ef }. As mentioned earlier, the first n studies are used for
model parameters training. The parameters are trained by pairs,
using consecutive studies i and i + 1. Finally, our objective
function is

F (θ) =
n−1∑
i=1

w · (1 − TPVF(Ii,θ , Ii+1))

+ (1 − w) · FPVF(Ii,θ , Ii+1) (13)

where Ii+1 is used as the validation image, Ii,θ is the predicted
tumor image by applying parameter set θ on image Ii , and w,
0.5 in this paper, is the weight for true-positive volume fraction
(TVPF) [10]. TPVF indicates the fraction of the total amount
of tumor correctly predicted and false-positive volume fraction
(FPVF) denotes the amount of “tumor” falsely identified. After a
new tumor image is predicted, a thresholding method is applied
to segment the tumor. We use the threshold of 8000 cell mm−3 ,
as suggested in [12].

The optimization of (12) is not a trivial task, due to the dis-
continuities in the objective function. Pattern search methods
such as HOPSPACK, proposed in [15], are suitable for such
problems. HOPSPACK is a hybrid optimization search method
and takes advantage of multithreading and parallel computing
platforms for efficient search. Due to the complicated form of
our objective function, it is not guaranteed that a global optimum
exists. We set the maximum iteration of 200 in the optimization
process.

E. Tumor Growth Prediction

After the parameters are optimized, they are applied to the
tumor growth model to compute the prediction result for time
point n + 1. For diffusion and biomechanical parameters, as-
sumed not changing over time, the optimized values can be used
directly. Since the proliferation rate ρ may change over time, it
needs to be recalibrated for every time point n based on the
previously optimized values ρ1 , ρ2 , . . . , ρn−1 . Based on [12],
we assume that the tumor growth follows the exponential law,
such that

ρ = a∗ exp(b∗t) + c∗ exp(d∗t) (14)
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TABLE II
TRAINED DIFFUSIVITIES (mm−2 ·day−1 ) AND YOUNG MODULUS (KPa) FOR

EACH TISSUE IN FIVE STUDIES

where, a, b, c, and d are the growth coefficients. Curve fit-
ting based on the nonlinear least-squares method is used to
fit ρ.

III. EXPERIMENTAL RESULTS

We tested the proposed method on longitudinal studies of
kidney tumors from five patients (two males and three females,
40–61 years old). Contrast-enhanced CT images in arterial
phase were used. All five patients had seven time points im-
ages scanned at regular intervals over a period of 3 to 6 years.
Three, two, and one kidney tumors were monitored for patient
#1, #2, and #3–5, respectively (eight tumors in total). The CT
images were acquired from the GE LightSpeed QX scanner. The
slice spacing varies from 1.00 to 5.00 mm and pixel size varies
from 0.70 mm × 0.70 mm to 0.78 mm × 0.78 mm. All images
were segmented manually by an expert to generate the reference
standard.

The validation of the proposed tumor growth model was done
as follows. Because all patients had seven time point images,
we use the first six time point images for training. In the pre-
diction phase, the estimated growth parameters are applied to
the tumor growth model to compute the prediction result for
the seventh time point using the image at the sixth time point
as reference. In the validation phase, the prediction result is
validated by comparing it with image 7 (the manually seg-
mented results by the expert). The volume difference, TPVF,
and FPVF [10] were used to show the accuracy of the proposed
method.

As mentioned earlier, the training of parameters in the tumor
growth model was done using the first six time points and vali-
dated on the seventh one. The trained α = 0.221 and β = 0.015.
Trained diffusivities and ρ are shown in Table II and Fig. 3.
The average training time was about 30 h using MATLAB pro-
grams running on an Intel Xeon E5440 workstation with quad
cores(2.83 GHz), eight threads, and 8 GB of RAM, which can be
done offline. Fig. 4 shows the prediction results for two different
studies. The prediction process took about 100 s.

As for the quantitative evaluation, the volume difference,
TPVF, and FPVF [10] were used to show the accuracy of the

Fig. 3. Parameter ρ curve fit by (14) for all eight tumors. The fit was based
on the five estimated values, and the sixth value (overlap with ) was used for
prediction. P2-Tumor1 is shown in Fig. 2.

Fig. 4. Results of the tumor growth prediction on two slices for two different
studies. (a) and (d) images at time point 7. (b) and (e) prediction results by
the green overlaid on (a) and (d), respectively. (c) and (f) meshes results; the
red color in (c) corresponds to the tumor in (b); the red and pink colors in
(f) correspond to the top and bottom tumors in (e), respectively. Red contour
represents the manually segmented tumor results.

proposed method. Our new method was compared with our pre-
vious method which only used the reaction–diffusion model.
The results are shown in Table III. We can see that the perfor-
mance was much improved (volume difference dropped from
average 5.125% to 4.325%, TPVF increased from 90.825% to
92.725%, and FPVF dropped from 4.5% to 3.125%) by coupling
the reaction–diffusion model and the biomechanical model. The
paired t-test results showed that these performance improve-
ments are statistically significant (p < 0.01).
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TABLE III
COMPARISON OF PREDICTION PERFORMANCE BASED ON REACTION–DIFFUSION

MODEL AND THE PROPOSED COUPLING MODEL: VOLUME DIFFERENCE,
TPVF, AND FPVF

IV. CONCLUSION AND DISCUSSION

Different mathematical model has been employed to sim-
ulate growth of tumors of different types. Such as Gompertz
model was successfully used to describe the growth rate of
solid avascular tumors at the population level [17], reaction–
diffusion model was successfully applied to simulate growth of
brain glioblastomas tumor [3]. In this paper, we try to couple
a reaction–diffusion model and biomechanical model to simu-
late the kidney tumor growth. The proposed method was tested
on eight tumors from five patients’ longitudinal studies with
seven time points. Compared to the prediction results based
on only the reaction–diffusion model [16], the overall perfor-
mance based on the coupling model has been improved: vol-
ume difference decreased from 5.1% to 4.3%, TPVF increased
from 90.8% to 92.7%, and FPVF decreased from 4.5% to 3.1%.
The training time was increased from 260 min to 30 h due to
more parameters need to be estimated; however, this was done
offline.

We include only visceral fat in the model in this study as we
found that the tissues directly surrounding the kidney tumors are
mostly visceral fat. However, this is not always true; sometimes
kidney tumor may touch the liver. Taking more surrounding
tissues into consideration is another important issue that will be
investigated in our future work.
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